We define and show the existence of the quantum symmetry group of a Hilbert module equipped with an orthogonal filtration. Our construction unifies the constructions of BanicaSkalski's quantum symmetry group of a C * -algebra equipped with an orthogonal filtration and Goswami's quantum isometry group of an admissible spectral triple.
Introduction
The quantum isometry group of a noncommutative Riemannian compact manifold (an admissible spectral triple) was defined and constructed by Goswami in [9] . His breakthrough construction, technically more involved than the previous approaches to quantum symmetry groups in the case of finite structures [16, 3] , provides a very natural direct link between Connes' noncommutative geometry [7] and the theory of compact quantum groups introduced by Woronowicz in the eighties [17] . We refer the reader to the introduction and bibliography of [5] for an overview of the several developments since Goswami's paper.
Motivated by the work of Goswami, Banica and Skalski define and construct in [5] the quantum symmetry group of a C * -algebra endowed with an orthogonal filtration. Their construction provides a general powerful tool to define and check the existence of quantum symmetry groups of various mathematical systems and unifies several known quantum symmetry groups constructions. The work of Banica and Skalski also has the merit to clearly exhibit some of the structures needed to enable one to prove the existence of a compact quantum symmetry group, see [5] for details. However, although Goswami's work was one of the inspirations for [5] , it seems that Goswami's quantum isometry group in [9] cannot, in general, be seen as a particular case of the quantum symmetry groups defined in [5] (because the subspace spanned by the eigenvalues of Goswami's Laplacian does not seem to form a subalgebra in general).
Compact quantum groups
We recall here some basic definitions on compact quantum groups. See [17, 18, 15] and [13] for more details. Definition 1.1 − A Woronowicz C * -algebra is a couple (Q, ∆), where Q is a C * -algebra and ∆ : Q → Q ⊗ Q is a * -morphism such that:
• the spaces span{∆(Q).(Q ⊗ 1 Q )} and span{∆(Q).(1 Q ⊗ Q)} are both dense in Q ⊗ Q. Definition 1.2 − Let (Q 0 , ∆ 0 ) and (Q 1 , ∆ 1 ) be Woronowicz C * -algebras. A morphism of Woronowicz C * -algebras from Q 0 to Q 1 is a * -morphism:
The category of compact quantum groups is then defined to be the opposite category of the category of Woronowicz C * -algebras. Definitions 1.3 − Let Q = (Q, ∆) be a Woronowicz C * -algebra.
• A Woronowicz C * -ideal of Q is a C * -ideal I of Q such that ∆(I) ⊂ Ker(π ⊗ π), where π : Q → Q/I is the canonical quotient map.
• A Woronowicz C * -subalgebra of Q is a C * -subalgebra Q ′ of Q such that ∆(Q ′ ) ⊂ Q ′ ⊗ Q ′ . The concept of an action of a quantum group on a C * -algebra is formalized as follows.
Definition 1.5 − Let Q be a Woronowicz C * -algebra and let A be a C * -algebra. A coaction of Q on A is a * -morphism α : A → A ⊗ Q satisfying:
• span{α(A).
(1 ⊗ Q)} is dense in A ⊗ Q.
We say that a coaction α of Q on A is faithful if there exists no nontrivial Woronowicz C * -subalgebra Q ′ of Q such that α(A) ⊂ A ⊗ Q ′ . Furthermore if τ is a continuous linear functional on A, we say that α preserves τ if (τ ⊗ id Q ) • α = τ (·)1 Q .
Quantum groups actions on Hilbert modules
We recall now the definition of an action of a compact quantum group on a Hilbert module (see [11] for background material on Hilbert modules). Then we introduce the notion of orthogonal filtration on a Hilbert module, give some natural examples of such objects, and define what we mean by preserving the filtration for an action of a compact quantum group on a Hilbert module endowed with an orthogonal filtration.
Definition 2.1 − Let
A be a C * -algebra. A (right) pre-Hilbert A-module is a vector space E, equipped with a (right) A-module structure together with an A-valued inner product ·|· A , that is to say:
• ∀ξ, η, ζ ∈ E, ∀a, b ∈ A, ξ|ηa + ζb A = ξ|η A a + ξ|ζ A b,
• ∀ξ, η ∈ E, ξ|η * A = η|ξ A ,
• ∀ξ ∈ E, ξ|ξ A 0 and if ξ|ξ A = 0 then ξ = 0.
We define a norm · A on E by setting for ξ ∈ E, ξ A = ξ|ξ A 1 2 . If furthermore E is complete with respect to this norm, we say that E is a (right) Hilbert A-module.
We say that E is full if the space E|E A = span{ ξ|η A ; ξ, η ∈ E} is dense in A.
Left Hilbert A-modules are defined analogously, except that the A-valued inner product A ·|· has to be linear in the first variable and antilinear in the second one. In what follows we will mostly consider right Hilbert modules. Of course, the construction can be adapted for left Hilbert modules.
The notion of coaction on a Hilbert module is due to Baaj and Skandalis [1, Definition 2.2]. But working with Woronowicz C * -algebras instead of Hopf C * -algebras simplifies the original definition: Definition 2.2 − Let A be a C * -algebra and let E be a Hilbert A-module. A coaction of a Woronowicz C * -algebra Q on E consists of:
We say that the coaction (α, β) of Q on E is faithful if there exists no nontrivial Woronowicz C * -subalgebra Q ′ of Q such that β(E) ⊂ E ⊗ Q ′ (note that we do not require α to be faithful).
Definition 2.4 − Let A be a C * -algebra, let τ be a faithful state on A and let E be a Hilbert
• a family (V i ) i∈I of finite-dimensional subspaces of E such that:
• an element ξ 0 ∈ E,
• a one-to-one antilinear operator J : E 0 → E 0 .
Examples 2.5.
(1) Let M be a compact Riemannian manifold. The space of continuous sections of the bundle of exterior forms on M , Γ(Λ * M ), is a Hilbert C(M )-module. We can equip it with an orthogonal filtration by taking τ = · dvol (where dvol denotes the Riemannian density of (2) We recall from [5] the definition of a C * -algebra equipped with an orthogonal filtration: Definition 2.6 − Let A be a C * -algebra, τ be a faithful state on A and (V i ) i∈I be a family of finite-dimensional subspaces of A (with the index set I containing a distinguished element 0). We say that (τ, (V i ) i∈I ) is an orthogonal filtration of A if:
Setting E = A (with its canonical Hilbert A-module structure),
be an admissible spectral triple in the sense of [9] . We set:
the usual trace otherwise, where T r ω denotes the Dixmier trace and p is the metric dimension of (A, H, D), (c) the (V i ) i∈N are the eigenspaces of the 'noncommutative Laplacian', (d) ξ 0 and J are respectively the unit and the involution of A.
The couple (τ, (V i ) i∈N ) is not in general an orthogonal filtration of A in the sense of [5] since i∈N V i is not necessarily a * -subalgebra of A. However, (τ, (V i ) i∈N , J, ξ 0 ) is an orthogonal filtration of A, seen as a Hilbert A-module.
(4) Let us recall some common conditions on spectral triples. Definition 2.7 − Let (A, H, D) be a spectral triple with finite metric dimension p.
• We say that (A, H, D) satisfies the finiteness and absolute continuity condition if the space
is a finitely generated projective left A-module, and if there exists q ∈ M n (A) with q = q 2 = q * such that:
the left A-scalar product A ·|· induced on H ∞ by the previous isomorphism satisfies:
• We say that (A, H, D) is real if it is equipped with an antiunitary operator J : H → H such that:
If (A, H, D) satisfies the finiteness and absolute continuity condition it is natural to consider A = A L(H) and the Hilbert A-module E obtained by completing H ∞ (for the A-norm). The
. If τ is faithful and E 0 is dense in E, then E can be equipped with an orthogonal filtration (with J : E 0 → E 0 any one-to-one antilinear map and e.g. ξ 0 = 0).
If we assume furthermore that (A, H, D) is real, then a natural choice is to set J = J | E 0 .
Notation 2.8 − Let
A be a C * -algebra and let E be a Hilbert A-module endowed with an orthogonal filtration (τ, (V i ) i∈I , J, ξ 0 ). We define on E a scalar product by:
We denote by H the completion of E with respect to this scalar product and by · τ the norm associated with it. Remark that
A for all ξ ∈ E, we have a continuous injection E ֒→ H with dense image.
We will define now the coactions that preserve the structure of a given Hilbert module equipped with an orthogonal filtration. This will allow us to describe the category of its "quantum transformation groups". Definition 2.9 − Let A be a C * -algebra and let E be a Hilbert A-module endowed with an orthogonal filtration (τ, (V i ) i∈I , J, ξ 0 ). A filtration preserving coaction of a Woronowicz C * -algebra Q on E is a coaction (α, β) of Q on E satisfying:
In that case, we will also say that Q coacts on E in a filtration preserving way. Definition 2.10 − Let A be a C * -algebra and let E be a Hilbert A-module equipped with an orthogonal filtration (τ, (V i ) i∈I , J, ξ 0 ). We will denote by C(E, τ, (V i ) i∈I , J, ξ 0 ) the category of Woronowicz C * -algebras coacting on E in a filtration preserving way. If (α 0 , β 0 ) and (α 1 , β 1 ) are filtration preserving coactions of Woronowicz C * -algebras Q 0 and Q 1 on E, then a morphism from Q 0 to Q 1 in this category is a morphism of Woronowicz C * -algebras µ : Q 0 → Q 1 satisfying:
Remark 2.11 − If E is full and µ : Q 0 → Q 1 is a morphism of Woronowicz C * -algebras satisfying
Indeed, for all ξ, η ∈ E:
And since E is full, we get
Remark 2.12 − When E = Γ(Λ * M ) is equipped with the orthogonal filtration (τ, (V i ) i∈N , J, ξ 0 ) described in Example 2.5. (1), the full subcategory of C(E, τ, (V i ) i∈N , J, ξ 0 ) consisting of the commutative Woronowicz C * -algebras coacting on Γ(Λ * M ) in a filtration preserving way is antiequivalent to the category of compact groups acting isometrically on M (see section 4.2 for more details). This explains our choice of seeing the opposite category of C(E, τ, (V i ) i∈I , J, ξ 0 ) as the category of quantum transformation groups of E. Moreover since the isometry group of M is a universal object in the category of compact groups acting isometrically on M , we will define the quantum symmetry group of E as a universal object in C(E, τ, (V i ) i∈I , J, ξ 0 ). Proving the existence of such a universal object is the aim of the next section.
3. Construction of the quantum symmetry group of a Hilbert module equipped with an orthogonal filtration
The following theorem generalizes the results of Goswami [9] and Banica-Skalski [5] .
Theorem 3.1 − Let A be a C * -algebra and let E be a full Hilbert A-module endowed with an orthogonal filtration
which means that there exists a universal Woronowicz C * -algebra coacting on E in a filtration preserving way. The quantum group corresponding to that universal object will be called the quantum symmetry group of (E, τ, (V i ) i∈I , J, ξ 0 ).
Examples will be discussed in the next section. This section is devoted to the proof of Theorem 3.1. The proof mostly consists in carefully adapting Goswami's arguments in [9, Section 4] . In what follows E denotes a full Hilbert module over a given C * -algebra A, equipped with an orthogonal filtration (τ, (V i ) i∈I , J, ξ 0 ).
Proof. We have for ξ, η ∈ E 0 and x, y ∈ Q:
In particular β is isometric and thus extends to a Q-linear isometric operator still denoted by
To show that β is unitary, it is enough to check that β has dense image. Since
Notation 3.3 − We define on E 0 a left scalar product by:
For each i ∈ I we set d i = dim(V i ) and we fix:
• an orthonormal basis (e ij ) 1 j d i of V i for the right scalar product (·|·) τ ,
We denote by p (i) ∈ GL d i (C) the change of basis matrix from (f ij ) to the basis (e ij ) of V i and we set
For all i ∈ I, we denote by v (i) the multiplicative matrix associated with the basis
• For all i ∈ I, the matrix
Proof. First let us check that the v (i) 's are unitary matrices. Consider the unitary β :
Thus for all i, j, we have β
jk . Then we get:
For i ∈ I, since v (i) is a multiplicative and unitary matrix in a Woronowicz C * -algebra, the matrix
Using Sweedler's notations, we get for ξ, η ∈ E 0 :
Furthermore we have for all j,
where
⋆ It remains to check that (α, β) is a faithful filtration preserving coaction of Q ′ on E. We only show that span{α(A).(1⊗Q ′ )} and span{β(E).(1⊗Q ′ )} are respectively dense in A⊗Q ′ and E ⊗ Q ′ (the other conditions that must satisfy (α, β) to be a filtration preserving coaction of Q ′ on E directly follow from the fact that it is a filtration preserving coaction of Q on E).
We have for all i, j:
This implies that span{β(E).
(1 ⊗ Q ′ )} is dense in E ⊗ Q ′ . Moreover, we have seen that for all i ∈ I,
Thus for all i, j, m, n, e im |e jn A ⊗ 1 is in span{α(A).
Notation 3.5 − For all i ∈ I, we consider A u (s (i) ) the universal Woronowicz C * -algebra of Van Daele and Wang (see [14] ) associated with s (i) . That is, A u (s (i) ) is the universal Woronowicz C * -algebra generated by a multiplicative and unitary matrix u (i) = (u
We set U = * i∈I A u (s (i) ) and β u : E 0 → E 0 ⊙ U the linear map given by:
See [15] for the construction of free product of compact quantum groups.
In the following, if (Q, ∆) is a Woronowicz C * -algebra and I is a Woronowicz C * -ideal of Q, we will denote by π I : Q → Q/I the canonical projection and by ∆ I the canonical coproduct of Q/I (i.e. ∆ I : Q/I → Q/I ⊗ Q/I is the unique * -morphism satisfying
Lemma 3.6 − Let (α, β) be a faithful filtration preserving coaction of a Woronowicz C * -algebra Q on E. There exists a Woronowicz C * -ideal I ⊂ U and a faithful filtration preserving coaction (α I , β I ) of U/I on E such that:
• U/I and Q are isomorphic in C(E, τ, (V i ) i∈I , J, ξ 0 ),
Proof. For all i ∈ I, we denote by v (i) the multiplicative matrix associated with the basis (e ij
So by universal property of U there exists a morphism of Woronowicz C * -algebras µ : U → Q such that for all i, p, q, µ(u
pq . Then Im µ is a Woronowicz C * -subalgebra of Q and for all i, j:
Thus the inclusion β(E) ⊂ E ⊗ (Im µ) holds, so that µ is necessarily onto (since the coaction is faithful). We set I = Ker µ, we denote by µ : U/I → Q the isomorphism of Woronowicz C * -algebras such that µ • π I = µ and we set
It is then easy to see that (α I , β I ) is a filtration preserving coaction, and that:
Thanks to (2), we see that
Before proving Theorem 3.1 we need a last lemma. 
where π 0 and π I denote the canonical projections. Then we have for all x ∈ A ⊗ (B/I 0 ), 
We have canonical injections:
and since injective morphisms of C * -algebras are isometric, we have for x ∈ A ⊗ B/I 0 :
We are now ready to prove Theorem 3.1.
Proof of Theorem 3.1. We denote by I the set of all C * -ideals I ⊂ U such that:
(id ⊗ π I ) • β u extends to a continuous linear map β I : E → E ⊗ U/I such that there exists a * -morphism α I : A → A ⊗ U/I preserving τ and satisfying:
• ∀ξ, η ∈ E, β I (ξ)|β I (η) A⊗U /I = α I ( ξ|η A ),
• ∀ξ ∈ E, ∀a ∈ A, β I (ξ.a) = β I (ξ).α I (a),
The set I is nonempty, since it contains the kernel of the counit ε : U → C (this can be directly checked, or seen by applying Lemma 3.6 to the trivial coaction
We denote by I 0 the intersection of all elements of I , by Q 0 = U/I 0 and by π 0 : U → Q 0 the canonical projection (as intersection of C * -ideals, I 0 is a C * -ideal, so π 0 is a * -morphism). Let us show that I 0 ∈ I . ⋆ First let us show that (id ⊗ π 0 ) • β u extends to a continuous linear map
(by the previous lemma)
Furthermore we have for all ξ ∈ E 0 and all I ∈ I :
since α I is a * -morphism. Hence for all ξ ∈ E 0 :
Let ξ 1 , . . . , ξ n and η 1 , . . . η n be elements of E 0 such that
Then for all I ∈ I :
Thus we have:
This shows that we can define a linear map α 0 :
⋆ Let us check that α 0 : E 0 |E 0 A → A ⊗ Q 0 extends to a * -morphism α 0 : A → A ⊗ Q 0 preserving τ . We get for all ξ, η ∈ E 0 and all I in I :
Hence (id ⊗ p I ) • α 0 and α I coincide on E 0 |E 0 A . Consequently we have for x ∈ E 0 |E 0 A :
Thus α 0 extends continuously to A. Moreover for all a, b ∈ A, we have
Similarly, we get α 0 (a * ) − α 0 (a) * = 0. So α 0 is indeed a * -morphism. Moreover for all a ∈ A and all I ∈ I , we have
Thus α 0 preserves τ.
⋆ We are now ready to check that I 0 ∈ I . For all ξ, η ∈ E 0 we have (by construction of α 0 ) that α 0 ( ξ|η A ) = β 0 (ξ)|β 0 (η) A⊗Q 0 , and this equality extends by continuity for ξ, η ∈ E. Since (id A ⊗ p I ) • α 0 = α I and (id E ⊗ p I ) • β 0 = β I for all I ∈ I , we get for all ξ ∈ E and a ∈ A:
. In order to show that I 0 is a Woronowicz C * -ideal we have to check that I 0 ⊂ K, and by definition of I 0 it is enough to show that K ∈ I . Denote by µ :
Then for all i, j:
Thus we have (β 0 ⊗id)•β 0 (E) ⊂ E ⊗Im µ, and we set
We get for all i, j, m, n:
Hence for ξ, η ∈ E, we have
Thus we also have (α 0 ⊗ id) • α 0 (A) ⊂ A ⊗ Im µ, and we define:
We know from (3) that β K extends (id⊗π K )•β u and from (4) that for all ξ,
⋆ Let us check that α K preserves τ . We have for all a ∈ A:
⋆ We have for ξ ∈ E and a ∈ A:
⋆ Moreover, we have on E 0 :
So K ∈ I and I 0 is indeed a Woronowicz C * -ideal. We denote by ∆ 0 the coproduct on Q 0 . In order to show that Q 0 ∈ C(E, τ, (V i ) i∈I , J, ξ 0 ) it only remains to check that α 0 and β 0 are coassociative and that span{α 0 (A).(1 ⊗ Q 0 )} and span{β 0 (E).(1 ⊗ Q 0 )} are respectively dense in A ⊗ Q 0 and E ⊗ Q 0 .
⋆ We have seen (cf. (3)) that for all i, j,
We deduce that (β 0 ⊗ id)
which shows (by density of E|E A in A) that α 0 is coassociative as well.
⋆ Finally, to show that span{α 0 (A).
(1 ⊗ Q 0 )} and span{β 0 (E).
(1 ⊗ Q 0 )} are respectively dense in A ⊗ Q 0 and E ⊗ Q 0 , we can proceed in the same way as in the proof of Lemma 3.4, by checking that for all i, j:
and for all i, j, m, n:
It remains to see that Q 0 is in fact an initial object in the category C(E, τ, (V i ) i∈I , J, ξ 0 ). Let I ⊂ U be a Woronowicz C * -ideal such that there exists a filtration preserving coaction (α I , β I ) of U/I on E such that β I extends (id ⊗ π I ) • β u . We get in particular I ∈ I , thus I 0 ⊂ I and
Such a morphism is unique. Indeed, if η is a morphism from Q 0 to U/I then (id ⊗ η)
Hence η • π 0 = π I , and η = p I follows from uniqueness in the factorization theorem. Finally, according to Lemmas 3.4 and 3.6, we conclude that (Q 0 , ∆ 0 , α 0 , β 0 ) is an initial object in C(E, τ, (V i ) i∈I , J, ξ 0 ). Remarks 3.8 − As in [5] , we can make the following remarks:
• If Q ∈ C(E, τ, (V i ) i∈I , J, ξ 0 ) coacts faithfully on E, then the morphism µ : Q 0 → Q is onto. So that the quantum group associated with Q is a quantum subgroup of the one associated with Q 0 .
• If (W j ) j∈J is a subfiltration of (V i ) i∈I (that is (W j ) j∈J is an orthogonal filtration of E, such that ∀j ∈ J , there exists i ∈ I such that W j ⊂ V i ) then the quantum symmetry group of (E, τ, (W j ) j∈J , J, ξ 0 ) is a quantum subgroup of the quantum symmetry group of (E, τ, (V i ) i∈I , J, ξ 0 ).
Examples

Example of a C * -algebra equipped with an orthogonal filtration
We recall from [5] the construction of the quantum symmetry group of a C * -algebra equipped with an orthogonal filtration.
Definition 4.1 − Let (A, τ, (V i ) i∈I ) be a C * -algebra equipped with an orthogonal filtration (see Example 2.5 for the definition). We say that a Woronowicz C * -algebra Q coacting on A coacts in a filtration preserving way, if the coaction α : 
Setting E = A, ξ 0 = 1 A and J = a → a * , it is easy to see that the quantum symmetry group of (E, τ, (V i ) i∈I , J, ξ 0 ) coincides with the one constructed in the previous theorem (if ( 
In fact our construction allows to see that the category of Woronowicz C * -algebras coacting on (A, τ, (V i ) i∈I ) in a filtration preserving way admits an initial object, even when the assumption "A 0 is a * -subalgebra of A" is dropped.
In particular, we see that our construction generalizes the one of [9] in the sense that if (A, H, D) is an admissible spectral triple and if we set:
the usual trace otherwise, where T r ω denotes the Dixmier trace and p is the metric dimension of (A, H, D),
• the (V i ) i∈N are the eigenspaces of the 'noncommutative Laplacian',
• ξ 0 and J are respectively the unit and the involution of A, then we recover the quantum isometry group of (A, H, D) in the sense of [9] .
Given a spectral triple, we have seen in Example 2.5 another way to attach an Hilbert module equipped with an orthogonal filtration to it (induced by D instead of the Laplacian). For an admissible spectral triple (A, H, D) satisfying conditions of Example 2.5.(4), the quantum symmetry group of H ∞ and the quantum isometry group of (A, H, D) in the sense of Goswami both exist. We do not know if they coincide in that situation. But in the case of the spectral triple of a Riemannian compact manifold the question is solved in the next paragraph.
Example of the bundle of exterior forms on a Riemannian manifold
Let M be a compact Riemannian manifold. Set A = C(M ), τ = · dvol where dvol denotes the Riemannian density of M and set E = Γ(Λ * M ) equipped with its canonical Hilbert C(M )-module structure. We denote by 
Clearly, the family (V i ) i∈N is an orthogonal filtration of E, E is full and H = L 2 (Λ * M ). We denote by ξ 0 = m → 1 Λ * m M ∈ E and by J : E → E the canonical involution.
Comparison with the quantum isometry group of M as defined in [9]
Let (α, β) be a filtration preserving coaction of a Woronowicz C * -algebra Q on E. For φ a state on Q, we set
and α φ commutes with L (the Laplacian on functions) on C ∞ (M ). This shows that α is an isometric coaction of Q on C(M ) in the sense of [9] .
Thus we have a forgetful functor F from C(Γ(Λ * M ), τ, (V i ) i∈N , J, ξ 0 ) to the category of Woronowicz C * -algebras coacting isometrically on M in the sense of [9] defined by F(Q, α, β) = (Q, α). This functor is in fact an equivalence of categories. To see this, we show that it is fully faithful and essentially surjective.
Let α be an isometric coaction of a Woronowicz C * -algebra Q on M , in the sense of Goswami. It can be seen, along the lines of [8] , that there is a well defined map α :
and since span{α(
. This allows to see that (α, α) is a filtration preserving coaction of Q on Γ(Λ * M ) and F(Q, α, α) = (Q, α), so F is essentially surjective. Let (α, β) be a filtration preserving coaction of a Woronowicz C * -algebra Q on E. Let us show by induction on k
Then:
Thus we have β(
, which ends the induction. Now the fact that β necessarily coincides with α allows to see that a morphism of Woronowicz C * -algebras µ :
, between Woronowicz C * -algebras coacting in a filtration preserving way on Γ(
This shows that F is fully faithful, so F is indeed an equivalence of categories. In particular, F preserves the initial object, so our quantum isometry group of M coincides with the one of Goswami.
Note that in case (α, β) is a filtration preserving coaction of C(G) on Γ(Λ * M ), for G a given compact group, then there exists an isometric action γ :
Basic example: free orthogonal quantum groups
Let n be in N. We set A = C, E = C n equipped with its canonical Hilbert space structure, ξ 0 = 0 and V 0 = C n . Let J : C n → C n be any invertible antilinear map. We denote by P the matrix of J in the canonical basis and by A o (P ) the universal Woronowicz C * -algebra generated by a multiplicative and unitary matrix u = (u ij ) 1 i,j n , satisfying the relation u = P uP −1 (the quantum group associated with A o (P ) is a so-called free orthogonal quantum group, see [2] ). We denote by α P : C → C ⊗ A o (P ) the trivial coaction and by β P : C n → C n ⊗ A o (P ) the linear map given by β(e i ) = n k=1 e k ⊗ u ki where (e k ) 1 k n is the canonical basis of C n . We can easily check that (id C , (V 0 ), J, ξ 0 ) is an orthogonal filtration of E and that (α P , β P ) is a coaction of A o (P ) on E. To see that (α P , β P ) is a filtration preserving coaction, the only nontrivial point is to check that
We have for all i in {1, . . . , n}:
So (α P , β P ) is a filtration preserving coaction of A o (P ) on C n . Now we show that it is a universal object in the category C(E, id C , (V 0 ), J, ξ 0 ). Let (α, β) be a filtration preserving coaction of a Woronow-
By Lemma 3.4 we already know that v is unitary. Furthermore, by a similar computation to the previous one, we see that (J ⊗ * ) • β = β • J leads to the equality P v = vP . Thus by universal property of A o (P ) we get the existence of a morphism µ : A o (P ) → Q such that for all i, j ∈ {1, . . . , n}, µ(u ij ) = v ij , which is clearly a morphism in the category C(E, id C , (V 0 ), J, ξ 0 ). Consequently the quantum symmetry group of E is the free orthogonal quantum group associated with P .
Example built on segments
Huang [10] has constructed examples of faithful actions of non-classical quantum groups on connected metric spaces. We now examine some of his examples and put them into our framework. We first describe in this paragraph the Hilbert module endowed with an orthogonal filtration we associate to d disjoint copies of [0, 1]. Then we compute its quantum symmetry group, which appears to be the hyperoctahedral quantum group. Finally, we show the existence of a universal object in a certain subcategory of the one of Woronowicz C * -algebras coacting on this Hilbert module in a filtration preserving way. The quantum group associated with that universal object might be seen as a quantum isometry group of a certain quotient of [ 
Its adjoint operator is
D 0 is a self-adjoint operator with compact resolvent. It can be checked that the eigenvectors of D 0 are the (sin(πk · ), cos(πk · )) with k ∈ Z. We set
. . , d} and n ∈ Z, we denote by e ni ∈ E the vector whose components are zero, except the i-th one whose value is (sin(πn · ), cos(πn · )). We set V n = span{e ni ; i ∈ {1, . . . , d}}, , 1) 
Computation of its quantum symmetry group
Let (α, β) be a filtration preserving coaction of a Woronowicz C * -algebra Q on E. For n ∈ Z, we denote by v (n) ∈ M d (Q) the unitary matrix characterized by:
For i ∈ {1, . . . , d}, let e i ∈ A denote the vector whose components are zero except the i-th one which equals 1, and let v and w respectively denote v (0) and v (1) .
Thus we get
We deduce that:
Thus for all i, k, and all n, m, n ′ , m ′ such that |n − m|
Therefore we have for all i, j, n, v (1) ij = v ij allows to see by immediate induction that v (n) ij = w r(n) ij for all i, j, n, where r(n) = 2 if n is even and r(n) = 1 otherwise.
We obtain finally:
• for j = k, w ij w ik = 0 and w ji w ki = S(w ij )S(w ik ) = S(w ik w ij ) = 0 (here S denotes the antipode of Q).
• [4, 6] ).
In order to conclude that A h (d) is a universal object in the category of Woronowicz C * -algebras coacting in a filtration preserving way on E, it only remains to check that there exists a filtration preserving coaction (α, β) of A h (d) on E such that for all n ∈ Z and i ∈ {1, . . . , d}, β(e ni ) = 
